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Clasa a XI-a
Solutii si bareme

Problema 1.

Se considera sirul (z,),>1 cu x; = 1,29 = 2,23 = 3 si T,,43 = T, pentru orice n € N*.

T1+ZTo+--+ Ty

Calculati lim

n—00 n
GM 9/5:24.224.
Solutie
Varianta I.
Observam ca sirul are o periodicitate: 1,2,3,1,2,3,1,2,3, .. oot 1p
Daca n = 3k, atunci lim ittt O g, Tt Tet b T
n—00 n k—o00 3k
1+2+43 1+4243)+---+(1+24+3 k-6
zlim(++>+(++)+ +<++):hm—:2 .................. 2p
k—o00 3k k—oo 3k

.Z'1+ZL’2+"'+ZL‘7L 6l€+l’3k+1_1. 6]€+1_

Dacén:?)k—i-l,atuncinli_)rgo - ZIJL% Y _kggo?)k;—i-l_ ........... 2p
y L. Tt T+, . Ok + Z3pq1 + Targo . b6k+1+2
acan = 3k + ,atIHIClnl_)I{.IO - Jim 3k 12 Jim 12 P
Varianta II.
3, n=23k n 49 +1 49 49
n n n n n
n = = = i=1=1-3 -1 -2 < -6 < -6
x 1, n=3k+1 Zl’ [3] —i—[g] —i—{g} _[3} S 3
2, n=3k+2 i=1
u n n—+ 2 n+1 n n
STz = (2] 1 .2>H-6>(——1>.6:2 6 4
sl;x H +{31+[3}—3—3 " p
2n—6§x1+x2+-~-+xn§2n+4
n n n
§ilim 26— fim 2t g oy ST I o 3p
n—00 n—o00 n—o0 n
Problema 2.

In M;(R) se considera A = ( 1 _1) ,B = (3 1) siC = (9 1). Fie sirurile (a,)nens si (bn)nens

-3 3 3 1 3 7
astfel incat C" = a, A + b, B,Vn € N*. Aratati ca lim {/2a, + 2b, = 10.
n—oo
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Solutie

Varianta I.

C:a1A+b1B:>a1:%,b1:g ................................................................ 2p
Din C"™! = a,, 1A + b1 B si C""1 = C™ . C rezulta ca:

Qpy1 = 6ay, b,y =106, = a,=

N

6 b, = 210" YR ENT L 2p

3=

6" + 107
lim {/2a, + 2b, = lim (+—) A0 3p

n—00 n—00 2

Varianta II.

1
Se poate calcula: C" = 1 (

310" +6" 10" — 6" e
310" — 36" 10”4-3~6n> = b= -

n—o0 n—o00 2

. 6" + 107\ »
In final: lim {/2a, + 2b, = lim (——it———) =10 3p

Problema 3.

Fie sirul de numere reale (z,,),>¢ definit prin =, 11 = % (an + 22§5>, x9 > 0.

Demonstrati ca (x,),>0 este convergent si calculati lim x,,.
- ' n—00
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Solutie xy # 0 din recurenta, deci zy > 0 si din din recurenta reiese ca pentru z,, > 0 avem x,1 > 0,

deci putem aplica inegalitatea mediilor. x,.; = % (:)sn + x, + 22§5> > 3, - x, - % =+/2025. ...... 2p
n n
_ 1 2025 _2025—x2 . o A N
= Tpy1 —Tp =3 (20, + 3 ) —xn = 572 <0, deci x,, este descrescator, incepand cu z;. .... 2p
n n
Sirul este monoton descrescator si marginit inferior, deci convergent. Fie lim =, =1. ............ 1p
n—oo

Prin trecere la limita avem [ = % (2l + 2?225) = 1 =2025 .. 2p

Problema 4.

_bn an, 2

a, bn> cwa — \/2+\/2+\/2+...+\/§

Fie M multimea matricelor de forma A,, = (
(in numarator sunt n radicali), iar b, = /1 — a2, Vn € N*,

a. Determinati A30%.
b. Verificati ca a, = 2a2,; — 1,Vn € N*.

c. Ardtati ca existd k € N* astfel incat A5y, = Io.
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Solutie

V2 V2
aa1:7:>1)1:7 = A= = =
V2 V2 —sinZ cosZ®
9 2 4 4
coS 2035“ sin 2035“ cosT sin% 72 ‘/75
2025 _ _ _
AP = = = Y 2p
s+ 20257 20257 ta T s 2 2
sin cos —sinZ cosZ _Vv2 2
4 4 4 4 2 P}
b. Verificare imediata. ....... ... 2p
b, cos T +1 s
C.:>an+1:@/% = Gy=\/—5— =0C083 =C08F = a, =COSg5y =
s 3 s
COS 53026 SN 53036
Asgos = = k = 22927 este un exponent adecvat astfel incat A5,,. = Io.



