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Etapa zonală, 15 februarie 2025

Clasa a XI-a
Solut, ii s, i bareme

Problema 1.

Se consideră s, irul (xn)n≥1 cu x1 = 1, x2 = 2, x3 = 3 s, i xn+3 = xn, pentru orice n ∈ N∗.

Calculat, i lim
n→∞

x1 + x2 + · · ·+ xn

n
.

GM 9/S:24.224.
Solut, ie

Varianta I.

Observăm că s, irul are o periodicitate: 1, 2, 3, 1, 2, 3, 1, 2, 3, ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1p

Dacă n = 3k, atunci lim
n→∞

x1 + x2 + · · ·+ xn

n
= lim

k→∞

x1 + x2 + · · ·+ x3k

3k
=

= lim
k→∞

(1 + 2 + 3) + (1 + 2 + 3) + · · ·+ (1 + 2 + 3)

3k
= lim

k→∞

k · 6
3k

= 2 . . . . . . . . . . . . . . . . . . 2p

Dacă n = 3k + 1, atunci lim
n→∞

x1 + x2 + · · ·+ xn

n
= lim

k→∞

6k + x3k+1

3k + 1
= lim

k→∞

6k + 1

3k + 1
= 2 . . . . . . . . . . . 2p

Dacă n = 3k + 2, atunci lim
n→∞

x1 + x2 + · · ·+ xn

n
= lim

k→∞

6k + x3k+1 + x3k+2

3k + 2
= lim

k→∞

6k + 1 + 2

3k + 2
= 2 2p

Varianta II.

xn =


3, n = 3k

1, n = 3k + 1

2, n = 3k + 2

⇒
n∑

i=1

xi =
[n
3

]
· 3 +

[
n+ 2

3

]
· 1 +

[
n+ 1

3

]
· 2 ≤

[
n+ 2

3

]
· 6 ≤ n+ 2

3
· 6

s, i
n∑

i=1

xi =
[n
3

]
· 3 +

[
n+ 2

3

]
· 1 +

[
n+ 1

3

]
· 2 ≥

[n
3

]
· 6 ≥

(n
3
− 1

)
· 6 = 2n− 6 . . . . . . . . . . . . . . . . . 4p

⇒ 2n− 6

n
≤ x1 + x2 + · · ·+ xn

n
≤ 2n+ 4

n

s, i lim
n→∞

2n−6
n

= lim
n→∞

2n+4
n

= 2 ⇒ lim
n→∞

x1 + x2 + · · ·+ xn

n
= 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3p

Problema 2.

În M2(R) se consideră A =

(
1 −1
−3 3

)
, B =

(
3 1
3 1

)
s, i C =

(
9 1
3 7

)
. Fie s, irurile (an)n∈N∗ s, i (bn)n∈N∗

astfel ı̂ncât Cn = anA+ bnB, ∀n ∈ N∗. Arătat, i că lim
n→∞

n
√

2an + 2bn = 10.
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Solut, ie

Varianta I.

C = a1A+ b1B ⇒ a1 =
3
2
, b1 =

5
2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

Din Cn+1 = an+1A+ bn+1B s, i Cn+1 = Cn · C rezultă că:

an+1 = 6an, bn+1 = 10bn ⇒ an = 3
2
· 6n−1, bn = 5

2
· 10n−1,∀n ∈ N∗. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

lim
n→∞

n
√
2an + 2bn = lim

n→∞

(
6n + 10n

2

) 1
n

= 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3p

Varianta II.

Se poate calcula: Cn =
1

4
·
(

3 · 10n + 6n 10n − 6n

3 · 10n − 3 · 6n 10n + 3 · 6n
)

⇒ bn = 10n

4
, an = 6n

4
. . . . . . . . . . . . . . 4p

În final: lim
n→∞

n
√

2an + 2bn = lim
n→∞

(
6n + 10n

2

) 1
n

= 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3p

Problema 3.

Fie s, irul de numere reale (xn)n≥0 definit prin xn+1 =
1
3

(
2xn +

2025
x2
n

)
, x0 ≥ 0.

Demonstrat, i că (xn)n≥0 este convergent s, i calculat, i lim
n→∞

xn.

Dáni Zsuzsa, Târgu Secuiesc
Solut, ie x0 ̸= 0 din recurent, ă, deci x0 > 0 s, i din din recurent, ă reiese că pentru xn > 0 avem xn+1 > 0,

deci putem aplica inegalitatea mediilor. xn+1 =
1
3

(
xn + xn +

2025
x2
n

)
≥ 3

√
xn · xn · 2025

x2
n

= 3
√
2025. . . . . . . 2p

⇒ xn+1 − xn = 1
3

(
2xn +

2025
x2
n

)
− xn = 2025−x3

n

3·x2
n

≤ 0, deci xn este descrescător, ı̂ncepând cu x1. . . . . 2p

S, irul este monoton descrescător s, i mărginit inferior, deci convergent. Fie lim
n→∞

xn = l. . . . . . . . . . . . . 1p

Prin trecere la limită avem l = 1
3

(
2l + 2025

l2

)
⇒ l = 3

√
2025 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

Problema 4.

Fie M mult, imea matricelor de forma An =

(
an bn
−bn an

)
, cu an =

√
2+

√
2+
√

2+...+
√
2

2

(̂ın numărător sunt n radicali), iar bn =
√

1− a2n, ∀n ∈ N∗.

a. Determinat, i A2025
1 .

b. Verificat, i că an = 2a2n+1 − 1, ∀n ∈ N∗.

c. Arătat, i că există k ∈ N∗ astfel ı̂ncât Ak
2025 = I2.
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Solut, ie

a. a1 =
√
2
2

⇒ b1 =
√
2
2

⇒ A1 =


√
2
2

√
2
2

−
√
2
2

√
2
2

 =

 cos π
4

sin π
4

− sin π
4

cos π
4

 ⇒

A2025
1 =

 cos 2025π
4

sin 2025π
4

− sin 2025π
4

cos 2025π
4

 =

 cos π
4

sin π
4

− sin π
4

cos π
4

 =


√
2
2

√
2
2

−
√
2
2

√
2
2

 . . . . . . . . . . . . . . . . . . . . 2p

b. Verificare imediată. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

c.
b.⇒ an+1 =

√
an+1

2
⇒ a2 =

√
cos π

4
+1

2
= cos

π
4

2
= cos π

8
⇒ an = cos π

2n+1 ⇒

A2025 =

 cos π
22026

sin π
22026

− sin π
22026

cos π
22026

 ⇒ k = 22027 este un exponent adecvat astfel ı̂ncât Ak
2025 = I2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3p
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