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Clasa a X-a
Solutii si bareme

Problema 1. Aratati ca functia f: [4,4+00) — [2,400), f(x) = Vz + Va2 — 16 este bijectiva si

determinati functia inversa a lui f.
* KK

Solutie
Dacd x1, 29 € [4,+00) avem: x1 < ¥y = 27 < 23 = 22 — 16 < 23 — 16 = /27 — 16 < /23 — 16 =
T+ /23— 16 < 29+ /a3 — 16 = f(x1) < f(x2) = [ este strict crescitoare pe [4,400) = f este

injectiva.

................................................................................................. 2p
Fie y € [2,+0). Din f(z) = y rezulta: z + Va2 —16 = 3> = Va2 —16 = y> — 12 = 2°> — 16 =
16
vt =22+ = 2P =yt + 16 = y+2
2y
................................................................................................. 2p
4 16 4 16
y2—|—2 >4yt -8y +16>0< (y —4)220:>x:y2+2 [4,4+00) = [ este surjectiva
Y Y
................................................................................................. 1p
f este injectiva si surjectiva = f este bijectiva......... ... . . . 1p
41416
Inversa lui f este f~': [2,+00) — [4, +0), f(z) = TR UUUUUUUPRRRERS 1p

Problema 2. Demonstrati ca, pentru orice z € C cu |z| = 1 si n € N*, are loc inegalitatea urmatoare:
ne|l+zl+ |1+ 22+ 1+ 2% +.. .+ 14+ 2" >2n

prelucrare dupa GM 10/S:L24.257

Solutie
’14_221@’_’_’1_‘_2%4—1‘ _ ‘_1_Z2k‘+‘1+z2k+1| > |—1—Z2k+1+z2k+1’ — |_22k_‘_22k+1‘ _
|2 | =142 =] —1+2|,Vk € {1,2,...,n}.
................................................................................................. 3p
nol4+zl+[1+22+[1+23+... 1+ >n-1+z2|+n-|—1+z[>n- (1 +z|+]|—1+2])
................................................................................................. 2p
(M4+zl+]|—1+z)>2n-1+z—14z[=n-12z|=2n-|2]=2n ..o i 2p
Problema 3. Aratati ca (logy; S + 1) - (logy, S — 1) = —1, unde:
2024
Zk\/m 1+ (k+1)VEk
,ok ok

Solutie
1

VE+ 14+ (k+1)VE
1 (ke OWVE-kVE+T  k+OVE-kVE+T  (k+DVE—kVE+T
E+1+(k+10)vVE  (k+1)2%k—k2(k+1) K +2k2+k—k — k> k2 +k -

Amplificam fractia cu conjugata numitorului:




b+ DVE—kvE+1T _ (k+DVE kVE+1 x/_ VE+1

k(k+1) T ok(k+1) k(k+1) k+1
................................................................................................. 3p
”ii‘ 1 \/‘ g g g LV V2025 45 1M
—VE+ 1+ (k+1 T F021 T 2025 2025 45 ;15
................................................................................................. p
................................................................................................. 2p
Problema 4. Demonstrati ca are loc urmatoarea inegalitate:
9
4 < logg b +log; 11 4 log,; 27 < 3

KKK
Solutie
Din inegalitea mediilor: 3{/logy 5 - logs 11 - logy; 27 < logg 5 + logs 11 + log; 27 ..., 1p
3¢/logy 5 - logs 11 - logy; 27 = 3¢/logs 5 - log; 27 = 33/10g527 = 3V/3 ..o 1p
4=/64 <81 =3V3=4<1ogs5+10gs 1141081127 oo 1p

3
log; 25 < logy 27 = 2logs; 5 < 3 = logy 5 < G Tt 1p
3
logs 121 < log; 125 = 2logy 11 < 3 = logy 11 < ERRRR R R LT LR R LTI RERTIRETETRAREE 1p
3
log,; 729 < log,; 1331 = log, 27% < log,; 113 = 2log,, 27 < 3 = log;; 27 < SERRTEREEEETRRPPPRTERS 1p
3 9

10g35+10g511+10g1127<3-§:§ ........................................................... 1p



