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Clasa a X-a
Solut, ii s, i bareme

Problema 1. Arătat, i că funct, ia f : [4,+∞) → [2,+∞), f(x) =
√
x+

√
x2 − 16 este bijectivă s, i

determinat, i funct, ia inversă a lui f .
***

Solut, ie

Dacă x1, x2 ∈ [4,+∞) avem: x1 < x2 ⇒ x2
1 < x2

2 ⇒ x2
1 − 16 < x2

2 − 16 ⇒
√

x2
1 − 16 <

√
x2
2 − 16 ⇒

x1 +
√
x2
1 − 16 < x2 +

√
x2
2 − 16 ⇒ f(x1) < f(x2) ⇒ f este strict crescătoare pe [4,+∞) ⇒ f este

injectivă.
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Fie y ∈ [2,+∞). Din f(x) = y rezultă: x +

√
x2 − 16 = y2 ⇒

√
x2 − 16 = y2 − x ⇒ x2 − 16 =

y4 − 2y2x+ x2 ⇒ 2y2x = y4 + 16 ⇒ x =
y4 + 16

2y2
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y4 + 16

2y2
≥ 4 ⇔ y4 − 8y2 + 16 ≥ 0 ⇔ (y2 − 4)2 ≥ 0 ⇒ x =

y4 + 16

2y2
∈ [4,+∞) ⇒ f este surjectivă.
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f este injectivă s, i surjectivă ⇒ f este bijectivă. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1p

Inversa lui f este f−1 : [2,+∞) → [4,+∞), f(x) =
x4 + 16

2x2
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Problema 2. Demonstrat, i că, pentru orice z ∈ C cu |z| = 1 s, i n ∈ N∗, are loc inegalitatea următoare:

n · |1 + z|+ |1 + z2|+ |1 + z3|+ . . .+ |1 + z2n+1| ≥ 2n

prelucrare după GM 10/S:L24.257
Solut, ie
|1 + z2k| + |1 + z2k+1| = | − 1 − z2k| + |1 + z2k+1| ≥ | − 1 − z2k + 1 + z2k+1| = | − z2k + z2k+1| =

|z|2k · | − 1 + z| = | − 1 + z|,∀k ∈ {1, 2, . . . , n}.
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n · |1 + z|+ |1 + z2|+ |1 + z3|+ . . .+ |1 + z2n+1| ≥ n · |1 + z|+ n · | − 1 + z| ≥ n · (|1 + z|+ | − 1 + z|)
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n · (|1 + z|+ | − 1 + z|) ≥ n · |1 + z − 1 + z| = n · |2z| = 2n · |z| = 2n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2p

Problema 3. Arătat, i că (log45 S + 1) · (log44 S − 1) = −1, unde:

S =
2024∑
k=1

1

k
√
k + 1 + (k + 1)

√
k

***
Solut, ie

Amplificăm fract, ia
1

k
√
k + 1 + (k + 1)

√
k
cu conjugata numitorului:

1

k
√
k + 1 + (k + 1)

√
k
=

(k + 1)
√
k − k

√
k + 1

(k + 1)2k − k2(k + 1)
=

(k + 1)
√
k − k

√
k + 1

k3 + 2k2 + k − k3 − k2
=

(k + 1)
√
k − k

√
k + 1

k2 + k
=



(k + 1)
√
k − k

√
k + 1

k(k + 1)
=

(k + 1)
√
k

k(k + 1)
− k

√
k + 1

k(k + 1)
=

√
k

k
−

√
k + 1

k + 1
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2024∑
k=1

1

k
√
k + 1 + (k + 1)

√
k
=

√
1

1
−
�
�
�

√
2

2
+
�
�
�

√
2

2
−
�
�
�

√
3

3
+ . . .+

�
�
�
�

√
2024

2024
−

√
2025

2025
= 1− 45

2025
= 1− 1

45
=

44

45
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(log45 S+1) ·(log44 S−1) = (log45 44− log45 45+1) ·(log44 44− log44 45−1) = log45 44 ·(− log44 45) = −1
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Problema 4. Demonstrat, i că are loc următoarea inegalitate:

4 < log3 5 + log5 11 + log11 27 <
9

2

***
Solut, ie
Din inegalitea mediilor: 3 3

√
log3 5 · log5 11 · log11 27 ≤ log3 5 + log5 11 + log11 27 . . . . . . . . . . . . . . . . . . 1p

3 3
√

log3 5 · log5 11 · log11 27 = 3 3
√

log3 5 · log5 27 = 3 3
√
log3 27 = 3 3

√
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1p

4 = 3
√
64 < 3

√
81 = 3 3

√
3 ⇒ 4 < log3 5 + log5 11 + log11 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1p

log3 25 < log3 27 ⇒ 2 log3 5 < 3 ⇒ log3 5 <
3

2
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log5 121 < log5 125 ⇒ 2 log5 11 < 3 ⇒ log5 11 <
3

2
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log11 729 < log11 1331 ⇒ log11 27
2 < log11 11

3 ⇒ 2 log11 27 < 3 ⇒ log11 27 <
3

2
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log3 5 + log5 11 + log11 27 < 3 · 3
2
=

9

2
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